equivalently the vanishing of the Einstein tensor (R(g) is the scalar curvature of g) Einstein(g) := Ricci(g) − 1 2 gR(g) = 0.
These equations are invariant under diffeomorphisms of V and associated isometries of g. The Bianchi identities satisfied by the Riemann tensor imply, by two contractions, identities for the Einstein tensor which read 1 in local coordinates x α , α = 0, 1, ...n,
where ∇ is the covariant derivative in the metric g The vacuum Einstein equations constitute, from the analyst's point of view, a system of (n+1)(n+2) 2 second order quasilinear 2 partial differential equations for the
, 10 in the classical case n = 3, coefficients g αβ of the metric g in local coordinates. However these equations are not independent because of the above identities.
The Cauchy problem for a system of N second order quasilinear partial differential equations with unkown u a set of N functions u I , I = 1, ..., N on R n+1 , A I,αβ J (u, ∂u)∂ 2 αβ u I = f J (u, ∂u), ∂ α := ∂ ∂x α , is the search for a solution u which takes, together with its set ∂u of first order partial derivatives, given valuesū, ∂u on a given n dimensional submanifold M. The elements of the characteristic determinant of this system, for a function u at a point x, are the second order polynomials in a vector X : this system has analytic coefficients the Cauchy problem with analytic given initial data has one and only one analytic solution in a neighbourhood of M if this sumanifold is everywere non characteristic.
The Cauchy-Kowalevski theorem does not apply directly to the Einstein equations: their characteristic determinant is identically zero for any metric as can be foreseen from the identities satisfied by the Enstein tensor. The Cauchy problem for the Einstein equations is non standard and has led to interesting and difficult works.
Analytic results.
Hilbert by Lagrangian methods and Einstein himself by approximation studies had been interested in what Einstein called "the force" of his equations, that is the generality of their solutions. However the history of exact results on the general Cauchy problem for the Einstein equations starts only in 1927 with the 47 pages book "Leséquations de la gravitation Einsteinienne" by Georges Darmois, a professor of mathematics in the University of Paris 3 . Darmois considers (case n = 3) a submanifold M with equation x 0 = 0 and data on M functions of the x i , i = 1, 2, 3, which will be the values on M of g αβ and ∂ 0 g αβ . The values on M of the first and second partial derivatives ∂ 2 λµ g aβ are then determined by derivation of the data on M except for the second transversal derivatives ∂ 2 00 g aβ . Darmois finds by straightforward computation the identities:
The derivatives ∂ 2 00 g α0 do not appear in any of these equations, as Darmois already foresaw because a change of coordinates preserving M pointwise does not change ∂ 2 00 g ij on M, but permits to give arbitrary values to ∂ 2 00 g α0 .
3 In those times there was only one university of Paris. Sciences, letters, law and arts were housed in a building called the Sorbonne, G. Darmois was a man of varied interests. In 1948 he taught a course on probabilities which I attended. He was a member of the french Academy in the section "Astronomy".
If g satisfies the vacuum Einstein equations, the equations R ij = 0 determine ∂ 2 00 g ij on M if g 00 does not vanish there. Darmois concludes that significant discontinuities of the second derivatives of the gravitational potentials can occur across the submanifold M, φ(x α ) ≡ x 0 = 0, only if g 00 = 0 on M, that is if the hypersurface M is tangent to the null cone of the Lorentzian metric g, whose normals in the cotangent space satisfy the equation g αβ ∂ α φ∂ β φ = 0. This result, though not a proof of it, is in agreement with the propagation of gravitation with the speed of light, fact already deduced by Einstein from approximations.
Darmois continues his study by remarking that, if g 00 = 0, it is possible to extract ∂ 2 00 g ij from the equation R ij = 0 and, replacing these in the other equations by the so calculated expressions, obtain four equations which depend only on the initial data, equations which we now call the constraints; he mentions that they are the Gauss -Codazzi equations known from geometers and indicates that a solution of the equations R ij = 0 with data satisfying the constraints will satisfy the whole set, at least in the analytic case, due to the contracted Bianchi identities. Darmois recognizes that an analyticity hypothesis is physically unsatisfactory, because it hides the propagation properties of the gravitational field.
Darmois also studies, again in the analytic case, what initial data to give on a characteristic hypersurface S 0 . He shows that they are the trace of the spacetime metric on the hypersurfacc and proves, in the analytic case, the existence of a local solution to the vacuum Einstein equation which is uniquely determined if one gives also its value on a 3-dimensional manifold T transversal to S 0 or, what is equivalent for analytic functions, the values of all its derivatives at points of the intersection of T and S 0 . To show this, he uses adapted coordinates to decompose the problem into an evolution of some components of the metric to satisfy part of the Einstein equations, and the Bianchi identities to show that the remaining equation is also satisfied. The method used by Darmois does not extend to the non analytic case, though the introduction of the data of the trace of the metric on a second hypersurface, transversal to the characteristic one, but also characteristic in the non analytic case, has been successfully used, in particular in the nineties by Rendall. Before that, inspired by the general theorems of Leray for data with support "compact towards the past " 4 , the non analytic Cauchy problem was treated for data supported by a characteristic conoïd 5 . In the remainder of his book, after quoting the works of Droste and Schwarzchild on the solution with spherical symmetry, Darmois studies solutions with axial symmetry 6 . Darmois had mentioned the geometric character of the constraints but he had worked in special coordinates, namely in Gaussian coordinates; that is, with timelines geodesics normal to the initial manifold, the quantities that we call now lapse and shift are then equal respectively to one and zero. Lichnerowicz, a bright student of the Ecole Normale Supérieure, had asked from Elie Cartan a subject for his thesis, and Cartan had proposed the proof of a conjecture he had on a property of symmetric spaces that himself had not been able to prove for some time. Lichnerowicz proved it thirty years later, but when he met Darmois by chance in 1937 he was rather discouraged, and followed the suggestion of Darmois to work instead of the too difficult problem proposed by Cartan to problems on mathematical relativity which were many and little considered at the time. Lichnerowicz who was a man of varied interests, from algebra and differential geometry to theoretical physics and philosophy, followed Darmois suggestion and completed quickly a thesis which appeared as a book 7 . In this book the Darmois computations on the Cauchy problem are extended to the case of a non constant lapse but the shift is kept zero. Lichnerowicz proposed the extension of the 3+1 decomposition to a non zero shift to one of his two first students 8 , the author of this article, who did it through the use of the Cartan calculus in orthonormal frames, giving thus the general geometric formulas of the n + 1 decomposition of the Ricci and Einstein tensor on a sliced manifold M × R in terms of the geometric elements: t dependent induced metric and extrinsic curvature of 5 Y. Bruhat "Problème des conditions initiales sur un conoïde caractéristique C.R. Acad. Sci 256, 371-373, 1963 4 Non analytic local existence, causality and gravitational waves.
It had already been stressed by Darmois on the one hand that analyticity was a bad physical hypothesis, on the other hand that a choice of coordinates 12 Better named "conjectures". 13 The relevant condition is in fact that the Einstein equations are satisfied in a generalized sense: see YCB "Espaces Einsteiniens généraux, chocs gravitationnels" Ann. Inst. Poincaré, 8 n 0 4, 327-338, 1968. 14 That is invariant under a timelike one parameter isometry group. The static case (timelines orthogonal to space sections) had been proved earlier by Racine, C. R. Acad. Sciences 192, 1533 Sciences 192, 1931 ., another student of Darmois 15 The Christodoulou-Klainerman global existence theorem (1989) has proven that the conjecture was false without stronger hypothesis than the ones originally made on the decay at infinity; that is, vanishing of the ADM mass as shown by Shoen and Yau.
was necessary to construct solutions of the Cauchy problem. The problem had interested Einstein himself and already 16 in 1918 he had used coordinates satisfying the flat spacetime wave equation to construct approximated solutions of the vacuum Einstein equations near the Minkowski spacetime.
Darmois 17 considers coordinates x λ which he calls "isothermes"; they satisfy the wave equations
that is
Such coordinates are now called "harmonic" by analogy with solutions of the Laplace equations, or "wave" as suggested by Klainerman as being more appropriate. By a straightforward concise and precise computation Darmois obtains the decomposition of the Ricci tensor of a pseudo Riemannian general metric as the sum of a second order system for the components of the metric and a term which vanishes identically in harmonic coordinates
where
with P a quadratic form in the components of ∂g whose coefficients are polynomials in the components of g and its contravariant associate. In harmonic coordinates the Einstein equations in vacuum reduce to the quasilinear quasi diagonal second order system R (h) αβ = 0. In the years shortly before the second world war great names in mathematics were working on the Cauchy problem for a second order equation of the type then called "hyperbolic normal", that is principal coefficients of Lorentzian signature. The Hadamard method of parametrix for solution of I was encouraged to look for the solution of the non analytic Cauchy problem for the Einstein equations in 1947 by Jean Leray who was giving a series of lectures on Cartan exterior differential systems, of which I was one of the few attendants. Leray gave me the name of Schauder as a reference but I found only his paper on hyperbolic system in two variables 20 written later, which I tried somewhat painfully to read, knowing no german. By chance I fell on a paper by Sobolev 21 , in french, which gives a construction of an elementary kernel for a second order linear hyperbolic equation in dimension 3+1 without to have to resort to a "finite part" parametrix nor to the method of descent for the case of even spacetime dimension, as did Hadamard. The Sobolev parametrix, whose definition extends to quasi diagonal second order systems, is constructed by solution of a system of integral equations on the characteristic conoïd. These equations, together with those defining the characteristic conoïd can be used to prove the existence of a solution of the Cauchy problem for the quasilinear reduced vacuum Einstein equations in a space of smooth functions 22 . I showed that the obtained solution satisfies the full Einstein equations if the initial data satisfy the constraints and that it is locally geometrically unique 23 . This was the subject of my thesis, its jury included Lichnerowicz, Leray 24 and Marcel Riesz 25 . I returned later to the construction of the elementary kernel of a tensorial linear system of second order hyperbolic differential equations 26 motivated by works on quantization in curved spacetime by A. Lichnerowicz who used a propagator, difference of the advanced and retarded elementary kernels 27 . I pointed out that, being obtained by solving an integral equation on the light cone, the elementary kernel can be split into the sum of a measure supported by the light cone and a smooth function in its causal interior sum of a series of "diffusion terms", determined by integrations over characteristic cones with vertices at points of the previously considered cones 28 . I studied the asymptotic behaviour of these terms.
Einstein, whom I met in 1951 at the Institute for Advanced Study in Princeton where I was a postdoc at the invitation of J. Leray, made me explain my thesis on the blackboard of his office; he congratulated me and invited me to knock at his door whenever I felt like it. I regret to have done it only a few times, in spite of his always kind welcome. Einstein was then working with his assistant Bruria Kaufmann on his last unified theory. His comments were very interesting, but the computations, which himself enjoyed to do, were quite complicated and the theory rather deceptive 29 .
23 See also Y. Bruhat "The Cauchy problem" in "Gravitation, an introduction to current researc" Louis Witten ed. Wiley 1962 24 In fact, while I was still working on my thesis Leray was completing his momentum work on energy estimates and existence theorems for general hyperbolic systems, from which I could have deduced the result for the reduced Einstein equations, but Leray encouraged me warmly to pursue in the constructive direction I was following in the second order case.
25 Present in Paris at that time. Darmois, an emeritus, could not belong to a thesis jury. 26 Y. Choquet-Bruhat Sur la théorie des propagateurs" Annali di Matematica Serie IV, tomo LXIV -1964. 29 Einstein tried at that time to interpret the antisymmetric part of the second rank tensor as electromagnetism. It appears that this last Einstein unified theory finds a renewal of interest with another intepretation (see Damour and Deser) I prefered to work at the extension to higher dimensions 30 of the formulas I had obtained in spacetime dimension 4 and follow the course of Leray on general hyperbolic systems. Though I also attended the Oppenheimer seminar on theoretical physics, where Einstein never came, I did not find there inspiration for personnal work 31 .
5 Equations with sources.
The existence for classical sources in Special Relativity of a symmetric 2-tensor T representing energy, stresses and momentum densities which satisfy conservation laws was a motivation for Einstein in the choice 32 of its non vacuum equations
with κ a constant usually normalized to 1 by mathematicians. The problem is then the resolution of the coupled system of Einstein with sources and the conservation laws for these sources,
with also eventually equations for fields other than gravitation, for instance Maxwell equations in presence of an electromagnetic field. The Cauchy problem for the Einstein equations with sources splits again as constraints on initial data and an evolution problem for reduced Einstein equations with sources. The treatment of the electrovacuum case is similar to vacuum and was solved simultaneously 33 . Solution in the cases of dust and perfect fluids without or with charge and zero conductivity were shown to admit a well posed Cauchy problem 34 using the 
Constraints
We said that it has long been known that geometric initial data for the vacuum Einstein equations on a spacelike submanifold M are the two fundamental forms, induced metricḡ and extrinsic curvature K, and they must satisfy n equations, the constraints. Surprisingly it took a long time to split these data into arbitrarily given quantities and unknowns which satisfy elliptic equations, as it was however reasonable to expect for unknowns on a space manifold and the Newtonian approximation of the Einstein equations. The first result in this direction was due to Racine 45 . He assumed, for n + 1 = 4, the metricḡ to be conformally flat g := φ 4 e, e the Euclidean metric and remarked that, if the traceḡ ij K ij of the extrinsic curvature K vanishes and one sets P ij = φ 2 K ij , the system of constraints for the equations with source of zero momentum splits into a first order linear system for P , independent of φ, and a semi linear second order equation for φ with principal term the Laplacian ∆φ. The study was taken anew by Lichnerowicz 46 , replacing the Euclidean metric by a general Riemannian metric γ. He defines the traceless tensorK ij 43 Case of particles with a given rest mass and no charge: Y. Choquet-Bruhat "Solution du problème de Cauchy pour le système intégro-differentiel d'Einstein Liouville" Ann..Inst. Fourier XXI 3 181-203 1971.
Case of particles with electric charge:and arbitrary (positive) rest masses using a weight factor to obtain convergent integrals:
Y. Choquet-Bruhat "Existence and uniqueness for the Einstein-Maxwell-Liouville" system" Volume in honor of Professor Petrov,60th birthday Kiev 1971.
44 D. Bancel "Problème de Cauchy pour l'équation de Boltzman en Relativité Générale" Ann. Inst. Poincaré XVIII n 0 3 263-284 1971 D. Bancel and Y. Choquet-Bruhat "Existence, uniqueness and local stability for the Einstein-Botzman system" Com. Math. Phys.1-14 1973. 45 Ch. Racine "Le problème des n corps dans la théorie de la Relativité " Thèse Paris 1934, Gauthier Villars.
46 A. Lichnerowicz "L'intégration deséquations de la gravitation relativiste et le problème des n corps; J. Math. pures et App. 1944 .
The momentum constraint reads then as the linear system forK
independent of ϕ if the initial surface is maxima (he says "minima") i.e. τ = 0, and if the momentum J of the sources is zero. The Hamiltonian constraint reads then as a second order elliptic equation with only unknown ϕ whenK and the matter density ρ are known In 1971 I wrote an elliptic, but not quasidiagonal 50 , system for geometric data on an arbitrary spacelike manifold which stimulated the interest of J. York, then a student of J. A. Wheeler, in the constraint problem. York remarked that the assumption "maximal" on the initial manifold made for conformally formulated constraints can be replaced by constant mean extrinsic curvature 51 and he introduced weights for the sources ρ and J, physically justified at least for electromagnetic sources and dimension n = 3. He thus obtained the linear momentum constraint independent of ϕ D iK ij =J i .
The Hamiltonian constraint becomes then the nonlinear elliptic equation with only unknown ϕ when γ is chosen,K computed andρ is known
A decomposition theorem for symmetric 2-tensors, linked to the fact that Lie derivatives of vector fields span the L 2 dual of divergence free symmetric 2-tensors, had been known for some time. It leads to the writing 52 of the general solution of the momentum constraint, when τ is constant, under the form, with U an arbitrary given traceless symmetric 2 tensor
The vector field X is then solution of the linear system
which can be shown to be equivalent to a linear elliptic second order operator for X, to which known theorems can be applied. solution. I thought of applying to it the Leray-Schauder degree theory. I brought to Leray in 1962 a Note about its solution in Hölder spaces for publication in the C.R. of the french Academy of sciences. Leray remarked that my result would hold for more general equations, and suggested we publish jointly the general result. It was for me a great honor. Leray wrote 53 very fast for compact manifolds this Note which introduces sub and super solutions, and refused to cosign the Note solving the particular case of the Hamiltonian constraint which I wrote shortly afterwards 54 . I obtained later the result for asymptotically Euclidean manifolds in weighted Hölder spaces 55 . A large amount of work has been devoted since that time to the solution of the constraints expressed as the elliptic semilinear system obtained by the conformal method on a constant mean curvature initial manifold, and using weighted Sobolev spaces. Progress has been made in lifting the constant mean curvature hypothesis and weakening the regularity, but there is space for further work.
7 Local existence and global uniqueness.
In the beginning of the seventies the geometric character of the Cauchy problem for the Einstein equations was well understood 56 . The global in space, local in time, existence was known for the classical sources mentioned above, at least for compact or asymptotically Euclidean manifolds, apart from lessening the regularity required of data and abandoning the constant mean curvature hypothesis of the initial manifold. Local uniqueness, up to diffeomorphisms, of a solution of the evolution of geometric data satisfying the constraints was also known, but the question of a global isomorphism between solutions was open. In fact, though known of specialists, the geometric local existence and uniqueness did not have in the litterature a concise and precise formulation. I convinced Geroch we write up proper definitions for the geometric local theorem 57 before publishing our global geometric uniqueness proof.
A fundamental notion for the study of global solutions of linear hyperbolic systems of arbitrary order had been introduced in 1952 by J. Leray. He had defined what he called "time like paths" for such systems and defined global hyperbolicity as compactness (in the space of paths) of any, non vacuum, set of timelike paths joining two arbitrary points. This general definition applies in particular to Lorentzian manifolds. In this case global hyperbolicity was proved (Choquet-Bruhat 1967) to be equivalent to the strong causality defined by Penrose 1967 added to the compactness of the spacetime domaines defined by intersections of past and future of any two spacetime points (see definitions and proof in the Hawking and Ellis book of 1973).
In 1969, the local existence was completed 58 by a geometric global uniqueness result, namely existence and uniqueness, , up to isometries, in the class of globally hyperbolic spacetimes, of a maximal 59 Einsteinian development of given initial data. Geroch and myself had met and discussed at the "Batelle rencontres 1967" organized by J. A. Wheeler and C. DeWitt. We obtained a complete proof during a visit we both made in London 60 . In 1970 Geroch proved the following very useful criterium: global hyperbolicity is equivalent to the existence of a "Cauchy surface", 3 manifold cut once and only once by any timelike curve without end point.
The geometric global uniqueness result, first proved in the vacuum case, extends to Einstein equations with sources which have a well posed causal Cauchy problem; that is, in particular, satisfy Leray or Leray-Ohya hyperbolic systems.
8 Global existence and singulariries.
Generic problems of global existence or formation of singularities were, towards the end of the sixties, mainly open. They became for analysts and geometers interested in the modeling of the world we live in, a vast field of research. It led to new definitions, conjectures, remarkable results, and new open problems.
